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Abstract. We consider a two-dimensional system of harmonically trapped
particles with pseudo-spin- 1
2
degree of freedom. This degree of freedom is coupled
to the particle’s momentum via the so-called Rashba spin-orbit interaction.
We present our numerical results for a single-particle and few-particle systems,
assuming the repulsive interparticle interaction to be of zero range.
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1. Introduction
For the past several years the idea of quantum simulators has found its implementation
in the ultracold atomic gas systems [Bloch(2012)]. Trapped by an external magnetic
or/and electric fields – for example in an optical lattice – ultracold gases are systems
of extreme purity and tunability. Manipulation of external fields provides a possibility
to simulate various phenomena from different areas of physics. Currently a lot
of attention is attracted to the so-called synthetic gauge fields, see for example
reviews [Goldman(2013), Gerbier(2013)] and references therein, and in particular to
the simulation of the spin-orbit coupling [Lin(2013)], which is – in a broader sense
– a coupling between a particle’s pseudo-spin and its motion. In our research we
consider spin-orbit coupled particles in a trap and how the deformation of a trapping
potential affects the energy spectrum. One can find an example of such a system in
semiconductor nanostructure physics [Avetisyan(2012)].
2. System.
We consider a system of identical fermionic particles with a pseudo-spin- 12 degree of
freedom. The system is confined in a two-dimensional (2D) harmonic oscillator trap.
We take the spin-orbit interaction in the so-called Rashba form [Rashba(1984)]. We
approximate the two-particle repulsive interaction via the contact potential, with the
restriction that the particles can interact only in the spin singlet channel due to the
Pauli exclusion principle. The Hamiltonian operator for such a system is written as
Hˆ =
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where N is the number of particles, pi = {pxi, pyi} and ri = {xi, yi} are the 2D
momentum and coordinate operators, m is the particles’ mass, ωx and ωy are the
frequencies of the harmonic oscillator trap in the directions x and y, Iˆ is the 2 × 2
unit matrix, αR is the strength of the spin-orbit coupling, σˆx and σˆy are the 2 × 2
Pauli matrices, g > 0 is the strength of the interaction, δ(ri − rj) is the Dirac delta
function and Pˆs is the spin singlet operator, which acts on spinor wave functions in
the following way: Pˆs
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, where indices i
and j (i 6= j) show that the spinors correspond to different particles.
3. Energy spectrum.
The single-particle case was previously investigated by means of an exact
diagonalization method [Marchukov(2013)]. To investigate the system of N fermions
we implement the Hartree-Fock mean field method. We consider an ansatz that the
N -body wave function is a Slater determinant – an antisymmetrized product of the
single-particle wave functions. In order to find the approximation to the ground state
energy of the system we minimize the energy functional E[Ψ] = 〈Ψ|Hˆ|Ψ〉〈Ψ|Ψ〉 , where Ψ is
the Hartree-Fock N -body wave function and Hˆ is the system’s Hamiltonian. This
minimization gives the self-consistent Hartree-Fock equations, that can be solved
iteratively: on every step we, using the same routines that we used for the single-
particle case, obtain a set of eigenstates and eigenvalues which are used to construct
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the N -body wave function for the next iteration. The procedure continues until the
ground state energy is converged. Fig. 1 shows the energy levels of the system as
function of the dimensionless spin-orbit strength parameter, αR/
√
m
2~ωy
, for different
deformations. One can see that the density of states of both single-particle and N-
particle systems depend on the deformation of the trap. For a strong deformation
the lowest levels are equidistant and show the one-dimensional behavior – the energy
decreases as −mα2R/2. In the case when the ratio of the frequencies is rational but
not an integer number (center panel of Fig. 1) the states are more evenly distributed.
We see that the Hartree-Fock single-particle energy levels are shifted compared to the
single-particle case, but the overall structure stays very similar. This spectrum is a
special case of the so-called Fock-Darwin spectrum [Reimann(2002)].
References
[Bloch(2012)] Bloch I., Dalibard J. and Nascimbe`ne S. (2012) Quantum simulation with ultracold
quantum gases Nature Phys. 8 267-276
[Goldman(2013)] Goldman N., Juzeliu¯nas G., O¨hberg P., and Spielman I. B. (2013) Light-induced
gauge fields for ultracold atoms e-preprint: arXiv:1308.6533
[Gerbier(2013)] Gerbier F., Goldman N., Lewenstein M., and Sengstock K. (2013) Editorial: Non-
Abelian gauge fields J. Phys. B: At. Mol. Opt. Phys. 46: 130201
[Lin(2013)] Lin Y.-J., Jimene´z-Garc´ıa K. and Spielman I. B. (2011) Spin-orbit-coupled Bose-Einstein
condensates Nature 471 83-86
[Avetisyan(2012)] Avetisyan S., Pietila¨inen P., and Chakraborty T. (2012) Strong enhancement of
Rashba spin-orbit coupling with increasing anisotropy in the Fock-Darwin states of a quantum
dot Phys. Rev. B 85: 153301
[Rashba(1984)] Bychkov Yu. A. and Rashba E. I. (1984) Oscillatory effects and the magnetic
susceptibility of carriers in inversion layers J. Phys. C: Solid State Phys. 17: 6039
[Marchukov(2013)] Marchukov O. V., Volosniev A. G., Fedorov D. V., Jensen A. S., and Zinner N.
T. (2013) Spectral gaps of spin-orbit coupled particles in deformed traps J. Phys. B: At. Mol.
Opt. Phys. 46: 134012
[Reimann(2002)] Reimann S. M. and Manninen M. (2002) Electronic structure of quantum dots Rev.
Mod. Phys. 74: 1283–1342
Spin-Orbit Coupling in Deformed Harmonic Traps 4
N = 1
N = 6
αR/
√
m
2~ωy
E
[~
ω
y
]
1.41.210.80.60.40.20
8
7
6
5
4
3
2
1
0
-1
-2
N = 1
N = 6
αR/
√
m
2~ωy
E
[~
ω
y
]
1.41.210.80.60.40.20
10
8
6
4
2
0
-2
N = 1
N = 6
αR/
√
m
2~ωy
E
[~
ω
y
]
1.41.210.80.60.40.20
25
20
15
10
5
0
Figure 1. The first 50 energy levels for a single-particle case (black dashed)
and the Hartree-Fock single-particle energy levels (blue solid) as a function of
the dimensionless spin-orbit coupling strength, αR/
√
m
2~ωy
. The interaction
strength g = ~
2
m
. The deformations of the harmonic trap are different: rotationally
symmetric ωx = ωy (left), small rational deformation
ωx
ωy
= 1.57 (center) and large
deformation ωx
ωy
= 10 (right).
